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In this note we show that there is an Intimate connection between the symmetries 
of a partial differential equation, and the time behavior of its moments. We also 
derive closed-form expressions for certain conserved quantities and polynomial 
solutions. We discuss the heat and Fokker-Planck equations. 
1. INTRODUCTION 
In this note we shall show how to use the symmetries of a partial 
differential equation to derive conservation laws for its solutions and the time 
behavior of its moments. Let H(u) be a linear differential operator. and 
consider the differential equation 
H(u) = 0, (1.1) 
where we shall write u = U(X, t), U, = au/ax, U, = au/&. Let S(U) be a tirst- 
order linear differential operator. For example, 
S(u) = A(x, t) u, + B(x, t) u, + C(x, t)u. 
The operator S(U) is called a symmetry operator for H(u) if 
(1.2) 
H(u) = 0 * H(S(u)) = 0. (1.3) 
Frequently, operators S(U) of the form (1.2) are called infinitesimal 
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symmetry operators because they can be exponentiated to a group of 
operators. In this paper we do not use the group properties, so we will drop 
the term infinitesimal. There is extensive literature concerning the symmetries 
of differential equations. However, the books by Ames 12, Vol. I, Chap. 2, 
Vol. 2, Chap. 41, Anderson and Ibragimov [3 1, Bluman and Cole 141, Miller 
[ 81, Ovsyannikov [9 ] will give the reader historical perspective on 
symmetries, various modern approaches to symmetries, applications of 
symmetries and extensive references to the literature on symmetries. A 
summary, including a table of results for many elementary equations, appears 
in Steinberg [ 101. We should point out that these references use different 
techniques for calculating the symmetries of a differential operator. Also. 
with a few exceptions, the symmetry operators of the form (1.2) constitute a 
Lie algebra of operators. 
The symmetry operators of a differential equation have many applications 
recorded in the literature. First-order symmetry operators of the form (1.2) 
can be used to find all similarity solutions of a differential equation, see 
Ames [ 2 1 and Bluman and Cole 141 for details of the calculations. If the 
definition of a symmetry operator is generalized to include second-order 
operators, then Miller 18) shows how to use these to classify all coordinate 
systems in which the partial differential equation has a separable form. 
Additional applications can be found in Boyer and Miller [ 61 and Wolf 114, 
Chap. lo]. 
It has been previously observed that there is a connection between the 
symmetries of a Lagrangian or Hamiltonian system and the conserved quan- 
tities of these systems; see Noether’s theorem in Goldstein 17 1 and Anderson 
and Ibragimov [ 3 1. This connection has been extended to partial differential 
equations that have a Lagrangian form, by Anderson and Ibragimov and by 
Wadati I12 1, and to nonlinear wave equations associated with a 
Hamiltonian, by Strauss [ 111. This paper provides the first extension of these 
ideas to diffusive equations. It may be possible to apply the results of 
Anderson and Ibragimov 131 on weak Lagrangians to obtain interesting 
conserved quantities for diffusive equations. However, these results do not 
seem to give the conserved quantities that we study in this paper. 
The purpose of this note is to give a new application of symmetry 
operators. Although formulas for the time behavior of the moments can be 
derived by means other than ours and the symmetry operators are well 
known, what we deem interesting here is the relationship among the 
symmetries, the conserved quantities and the moments of a solution to a 
given equation. 
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II. THE HEAT EQUATION 
We begin with the one-dimensional heat equation, given as in (1.1) by the 
operator 
H(u) = u, - u,, . (2.1) 
The symmetry operators for this equation can be found in Refs. 14, 8, 101, as 
S(u) = 2 k,S,(u), (2.2a) 
where the k, are arbitrary constants and a convenient basis for the set is 
S,(u) = u,. 
S,(u) = 4tu, + 2xu, + u. 
S,(u) = 4&l, + 4fXU, + (2t + x*>u, 
(2.2b) 
S,(u) = 2tl& + xu, 
S,(u) = uxr 
S,(u) = 24. 
We shall now consider linear functionals of the solutions of the heat 
equation that have the form 
Q(u) = J‘Em dx q(. 
Note that the functionals may depend 
q(x. t) is such that 
H(u) = 0 =D Q(u) 
x, t> 4% t). (2.3) 
on the time parameter t. Now, if 
= constant (2.4) 
(for all u within a class which we shall specify below by asking that the 
constant be finite) then we say that Q(U) is a conserved quantity for H(u). 
In the case of the heat equation, a conserved quantity must satisfy 
0 = f Q(u) = (= dx(q,u + qu,). (2.5) 
-0c 
If we use the differential equation for u and assume integrability by parts, we 
obtain 
0 = 2 Q(u) = j-l dx(q, + q.,x)u (2.6a) 
. -1 
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provided the boundary condition 
holds. 
(2.6b) 
PROPOSITION. Zfq(x, t) is such that 
qr + 4,x = 07 (2.7) 
then 
c?(u) = I= dx 4(x, f) 4.G t) (2.8) 
_ a, 
is a conserved quantity for all solutions u(x, t) of the heat equation.for which 
the integral is finite and (2.6b) holds. 
In particular 
Qo(u) = jx dx u(x, t). (2.9a) 
-31 
Q,(u) = j^: dx xu(x, t) (2.9b) 
-w 
are conserved quantities for the solutions of the heat equation representing 
finite total heat distributions. and such that U, 15% == 0 and 
(XU, - u) l”?sc = 0, respectively. 
Proof: This follows from Eqs. (2.6). 
The moments of a function u of x are given by 
M,(u) = 1”: dx x’b, n = 0, 1, 2 ,... . (2.10) 
-cc 
When u(x. t) is a solution of the heat equation, we have shown in (2.9) that 
M,(u) and M,(u) are independent of the time variable t. What about the 
higher moments? They are not conserved. They do, however, behave simply 
in time, as a corollary of the next theorem shows. 
THEOREM. Zf Q(u) = .I‘?, dx q(x, t) u(x, t) is a conserved quantity for the 
heat equation, and 
4(x, t) = (-k, + k3[x2 - 2t] + k,x + k,J q(x, t) 
- (2k,x + 4k, tx + 25, t + k,) qX(x, t) 
- (k, + 4k2 t + 4k, t*) q,(x, t), 
(2.11) 
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for arbitrar!? constants k,, n = 1, 2 ,..., 6. then 
&u) = jL dx 4(x, t) u(x, t) (2.12) 
I 
is a conserved quantity for the heat eqution provided that e(u) is finite. 
Proof Let S(U) be a symmetry operator (1.2) and Q(U) a finite 
conserved quantity for the equation under consideration. For this equation, if 
u is a solution, then S(U) is also a solution and Q(S(u)) is another conserved 
quantity. Call it Q(U) and represent it as in (2.11). Then, 
Q(.S(u,, = j’ 
:x8 
dx qS(u) = I’ dx q(x, t)u = &). (2.13a) 
-7[ 
For the heat equation, from (2.2) 
S(u) = (k, + k,lx2 + 2tl + k,x + k&u 
+ (2k,x + 4k, tx + 2k, t + k,) u,~ 
+ (k, +4kzt+4k,t’)u,. 
(2.13b) 
If we substitute this in the formula above, replace U, by u,,~, integrate by 
parts, and use (2.6) and Q(U) < co, we obtain (2.12) as a sufficient 
condition. This proves the theorem. 
This theorem allows us to construct a series of conserved quantities by 
repeatedly applying the symmetry operators as in (2.12) and (2.13), starting 
from any one conserved quantity. When we use S,(U) as given in Eq. (2.2) 
through (2.12) iteratively on qO(x. t) = 1, as in (2.9), we are led to the 
following 
COROLLARY. If 
4th. t) = (x 
then 
Q,(u 
- 2tLybx)” . 1, n = 0, 1, 2,. .., (2.14) 
) = j_“, dx q,,(x, t) a(x, t, (2.15) 
is a conserved quantity. 
The distinct usefulness of this set of quantities is that 
9,(x, 0) = x”, 
Q,(u) = M,(u) I, o 
(2.16a) 
(2.16b) 
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and thereby we shall be able to construct through linear combinations or 
Taylor series any entire q(x, t), as well as know the time development of the 
moments of any solution to the heat equation. 
PROPOSITION. The quantities (2.14) are given by the expression 
qn(,K, t) = tn/2H,(;ext-1/2) = n! ‘?I (-l)” PX”- 2m = L,,(,K, -t), 
myo m!(n -- 2m)! 
(2.17) 
where H,(v) is a Hermite polynomial [ 1, Chap. 221 and v,~(x, t) are known 
as Heat polynomials [ 131. The symbol [n/2/ stands for the large,st integer 
not exceeding n/2. 
Proof: The first equality can be verified through seeing that x - 2ti3/?x 
can be brought to act as the raising operator of the Hermite polynomial set, 
while the second equality is only the explicit expansion of this polynomial, as 
may be easily found in the literature. 
The first few polynomials are 
q”= 1, 4, =x, q> =x2 - 2t 
q, = x3 - 6tx, q4 = x4 - 121x2 + 12t’,... . 
(2.18) 
The inverse of expansion (2.17) is also available and leads to the following 
PROPOSITION. The expansion of x” in terms of the functions q,(x. t) is 
‘V’ t”q, _ 2m(X, t)x”=n! \ 
mzo m!(n - 2m)! 
(2.19) 
COROLLARY. If u(x, t) is a solution of the heat eqution, the time depen- 
dence of its moments M,(u)(t), as given b<v (2.10), is 
“‘i’ t”Q,p&u) Mn(u)(t) = n! m;, m,(n _ Zrn), . (2.20) 
Proof This is a direct consequence of replacing the two members of 
(2.19) into an integral with u(x, t). 
What about the “most general” sequences of conserved quantities we can 
form by using all the symmetry operators in the list (2.2b)? It is sufficient to 
see what happens at t = 0 and to remember (2.16a). Now, S,(u) and S,(u) 
give rise to a sequence of zeros, S,(u) and S,(u) repeat 1 for @(xl t) while 
S,(u) will generate even or odd powers of x starting from q,, = 1 or q, =A-. 
The most general such sequence can thus be obtained from S,(u) only. 
It should be noted that a more classical proof of these results proceeds by 
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differentiating (2.10) with respect to t, [n/2] + 1 times. Next, use the heat 
equation to turn t-derivatives into x-derivatives, and integration by parts to 
let the x-derivatives act on x”. Because 2[n/2] + 2 > n, the result is zero. It 
follows that M,(u)(t) will be a polynomial of degree up to [n/2] in t with 
constant coefficients, as attested to by (2.20). 
Another way to proceed is to use the time dependent Green’s function to 
give an integral representation for the moments. This representation can then 
be manipulated to give (2.20). 
We reiterate here that although the result about the moments is classical, 
the connection between the moments and the symmetries has not been 
previously recorded. 
We now give some words on heat equations in more than one spatial 
dimension. The procedure to find the symmetry algebra of first-order 
differential operators is just as straightforward and, for N spatial dimensions, 
consists (see [ 3 ]) of jN(N + 3) + 4 independent operators, constituting what 
is known as the Schrodinger algebra. Among these operators one has N 
versions of S,(U) and of S,(U) in (2.2b), one for each of the Cartesian coor- 
dinates of space. Clearly. each one of these can be used to provide sequences 
of conserved quantities, following (2.14t(2.15), as 
9 n,n2.. &, , -x2 ‘...? X,J. t) = 1 1 (x, - 2fa/axJ” . 1, (2.21) ,n , 
Qn,n*...n&(U)= jx ... jrn’ fi%n,n2...n,(x, t)u(x, f).(2.22) 
x 53 
In terms of “cartesian-tensor” quantities, we may obtain through Taylor 
series, conserved quantities for any entire q(x, 0), or produce sets of 
conserved quantities with definite transformation properties under rotations 
(i.e.. “spherical-tensor” conserved quantities). The mathematics involved is 
indentical to the Raccah algebra customarily performed on N-dimensional 
quantum oscillator systems. 
III. THE FOKKER-PLANCK EQUATION 
Another interesting example where we can use the connection among 
symmetries, conserved quantities and moments developed in the last section, 
is the case of the equation of the Fokker-Planck type 
z4, = u,, + (xu),. (3.1) 
Its symmetry algebra is given by 
S’(u) = \‘ k,S’,(u), 
“-1 
(3.2) 
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where the k, are constants and 
s;(u) = c2yu, - 24, - u), 
S;(U) = 4 sinh’ t U, + 4 sinh t cash t XU, + (e2’x2 - ee2’)uY 
S;(U) = 2 sinh t U, + e’xu, 
S;(u) = ec’u,, 
s;(u) = u. 
(3.3) 
As for the heat equation, conserved quantities may be set up as (2.3), 
provided that now q/(x, t) satisfies the Fokker-Planck analogue of 
(2.6)-(2.7). i.e., 
4; + s:, - xq: = 0. (3.4) 
Then. if (2.6) and xq’u 1T7. = 0 hold, 
(3.5) 
will be a conserved quantity. 
In particular qb(x. t) = 1 yields a conserved quantity which is the analogue 
of the conservation of total heat in the last section. New conserved quantities 
can be found from old ones by substituting the symmetry operators of the 
Fokker-Planck equation into (2.11 t(2.13). We can extend the use of power 
function in (2.16a), to see that the proper analogue of the basic set (2.14) is 
brought about by means of S;(U) in(3.3), namely, 
&(x, t) = (e’x - 2 sinh t a/&)” . I = (e’ sinh t)n’2 H,(i[e’/sinh t I”‘) 
l”/i] (-l)“(e-‘sinh t)” ~“-2m 
= n! en’ \ 
- 
m-0 m!(n - 2m)! ’ 
(3.6) 
where we have performed the steps analogous to those leading to (2.17). The 
first few q;(x, t) are 
qb= 1, q{ = e’x, q; = e2’x2 - 2e’ sinh t 
q; = e”‘x” - 6e2’ sinh t 
q: = e4’xJ - 12e”’ sinh t x2 + 1 2e2’ sinh’ t, 
(3.7) 
and are polynomials in e’, e-’ and x, of degree n in the latter. 
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The expansion inverse to (3.6) reads then 
[‘/?I (e’ sinh t)“‘q~pZm(.x, t) .y” = ?I! em’ll \ 
-0 ,?I m!(n - 2m)! 
(3.8) 
If we now denote by Q:(U) the conversed quantity obtained from q;, then the 
time development of the moments (2.10) of solution to the Fokker-Planck 
equation can be obtained from (3.8) as 
‘“‘iI (e’ sinh t)” Q;-,,(U) 
M,(u)(f) = n! e ‘11 \
m-o m!(n - 2m)! 
(3.9) 
in complete analogy with (2.20). A direct consequence of this expression is 
that IM,@)(f)l < C ( constant) when n is even and IM,(u)(t)l < C/e--’ when n 
is odd. 
A Fokker-Planck analogue of the Heat polynomials, i.e., solution to (3. I ) 
with initial value x”, can be built applying repeatedly S& to U&X, t) = e’. 
Indeed, 
u,(x, t) = (e’x + 2 sinh t Z/ax)” . e’ 
= e’(-e’ sinh t)“’ H,(ix[ -sinh t/e’ ) ’ I) (3.10) 
In/21 
= n! et”+ ‘11 \ _: W 
’ sinh t)” x”- 2m 
m -~ 0 m!(n - 2m)! 
are polynomials in e’, em’ and x. 
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